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The Gaussian Inequality for Multicomponent Rotators
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The Gaussian inequality is proven for multicomponent rotators with nega-
tive correlations between two spin components. In the case of one-com-
ponent systems, the Gaussian inequality is shown to be a consequence of
Lebowitz’ inequality. For multicomponent models, the Gaussian inequality
implies that the decay rate of the truncated correlation (or Schwinger)
functions is dominated by that of the two-point function. Applied to field
theory, these inequalities give information on the absence of bound states
in the M¢:2 + ¢2?)? model.
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1. INTRODUCTION

Since it was introduced in Ising spin systems by Newman,*® the Gaussian
inequality had led to some interesting applications in statistical mechanics
and quantum field theory. This inequality states that the correlation (or
Schwinger) functions of an Ising system or a ¢* theory are bounded by
the correlation functions of a Gaussian (free) system with the same co-
variance.

Thus, the Gaussian inequality gives bounds on the n-point functions in
terms of a bound on the two-point function.%1® It also allows one to
recover results of Feldman® and Spencer?® on the absence of even bound
states of energy <2m in a one-phase ¢* theory.*® The special case of the
Gaussian inequality for the four-point function was discovered also by
Lebowitz® as a consequence of a general inequality [(2.5a) in Ref. 14] that
we shall call Lebowitz’ inequality. This special case was applied to ¢* in
recent works of Glimm and Jaffe.®®

Until now it was not known whether the Gaussian inequality was valid
for multicomponent spin systems (and field theories). We show in this paper
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(Sections 2 and 3) how to derive the Gaussian inequality for multicomponent
models from the generalized Griffiths inequalities introduced by Monroe®™?
for two-component models and extended to three- and four-component
models by Dunlop® and Kunz et al.®®

On the other hand, the proof of the Gaussian inequality by Newman @&
as well as that by Sylvester ?# rely on combinatorial methods which are valid
for Ising spin-1/2 systems. Then, by the classical Ising approximation,*? the
inequality is extended to ¢* and other models. This class of models is quite
close to the one for which Lebowitz’ inequality is valid.‘*-2® However, except
for the four-point function, no relationship between the two inequalities was
known. Using exactly the same method as with the multicomponent systems,
we show (Sections 2 and 3) that the Gaussian inequality is really a consequence
of Lebowitz’ inequality.

In Section 4, we show that in the one-phase region (at zero external field)
of a (.2 + ¢,9)? theory or for the plane rotator model, the truncated correla-
tion (or Schwinger) functions are dominated by the two-point function. This
leads to an extension to two-component models of the spectral results of
Spencer @2 (““absence of even bound states’) based on Lebowitz’ inequality
and of those of Simon®@® (““coupling to the first excited state’’) based on the
FKG inequality. Finally, the results of Mac Bryan and Spencer®® on the
decay rate of the spin-spin correlation function in the two-dimensional plane
rotator model carry over to all the truncated correlation functions.2

2. THE GAUSSIAN INEQUALITY

The basic system in which we are interested is the following: we consider
a family of D-dimensional random variables {s;|s; € RP};,., indexed by the
finite set A. Their joint probability distribution is

i = Zi* exp B 3 Tises, + 3 s ) [T vt 1)
ieA

i,JeA ieA

where v(s;) = pi(|s:]]) ds; and are such that
f exp(b|s:[2) dp(|s:l) < oo VbeR, VieA 2)

Z, is the normalization factor such that p,(RP-141) = |,
This model is often considered in statistical mechanics and occurs as the
lattice approximation of some field theories.‘®?

2 F. Dunlop has informed us that he has obtained very similar results (Theorems 2.1,
4.1, and 4.2 and their corollaries) in the cases D = 1 and 2, with slightly more general
single-spin measures. His methods, which are quite different from ours, also give an
extension of the Lee-Yang theorem.®® We thank F. Dunlop for communicating his
results to us before publication.
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However, instead of considering this model directly, we shall state the
theorems for measures that already satisfy certain correlation inequalities.
This will make the proofs conceptually simpler. We shall also mention the
cases where the model (1) is known to satisfy these inequalities.

Notations

L is a countable set.

Q = (RP)L,

For each i e L, s; denotes the function on Q that assigns to each con-
figuration its value at 7.

We denote by g, #; the first two components of s;.

We also use the following functions:

x; = (q; + tz)/\/i 3
yi = (g — B)|V2 (4)

Given a finite family of elements of L indexed by the set 4, {i,)i, € L}sc4,
we denote for any B < 4
9 = H qi,

a€B

and similarly for ¢z, x5, yg. U B = &,g95 = 1.

M is the set of finite families of elements of L; each of these families is
denoted by its set of indices.

Given a set E, we denote by a tilde the complementation in E (£).

We introduce now the correlation inequalities that our measures have
to satisfy.

Definition 2.1. A measure on Q has negative correlations if the expec-
tations with respect to this measure satisfy, VA4, Be M.

(D) 0 < {guty)y < gty %)
(ﬁ) 0< <XAJ’B> < <x )Xy (6)

Remarks. (1) The measure (1), with L = A, is known to have negative
correlations when D = 2, 3, 4 provided that, Vi, je A, J;; > 0,

hi = (hil, hi29 0: O)a hi1’ hi2 =0, hi;_ = hiz

and provided that v, satisfy certain conditions.®'*® For example, the following
measures satisfy these conditions:

dvi(s) = 8(|s;]| — a) ds,, a>0 @)
dvi(s;)) = exp(—ajs;l|* + bl|s;|?) ds;, a>0, beR (®)
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2) If D =1, let s; = g; and consider u,({g;}) x pA({t;}) as a measure
on (R?)IAL If J;,, h; are nonnegative and if »; are even measures such that p,
satisfies Lebowitz’ inequality,* 23 then p, X w, has negative correlations.
Indeed, the relation (i) in Definition 2.1 is then an equality because of the
factorization and relation (if) is just Lebowitz’ inequality. The positivity
follows from the first Griffiths inequality.

Definition 2.2. A measure on Q is (g, t)-symmetric if, for all 4,
Be M,
{qatg) = {qsts) €))

In the model (1), this imposes the additional restriction, Vie A, by, = h;, = h;.
We call A; the external field.

Definition 2.3 (see Ref. 18). A pair-partition of A, A € M, is a partition
of A, {B}ic1, such that if |4] is even, |Bj| = 2, Viel. Or, if |4] is odd,
|B,| = 1 for a single j and |B;| = 2, Vi # j.

Given a measure u on Q and A€ M,

P = > [l (10)

PER(A) Bjep

where R(A) is the set of pair-partitions of A. (The subscript g will be omitted
if unnecessary.)

Theorem 2.1. If the measure p on Q has negative correlations and is
(g, t)-symmetric, the expectations with respect to p satisfy, V4, Be M,

{qatsy < P,(A)P,(B) (11
The proof of this theorem relies on the following combinatorial lemma:

Lemma 2.1. Let f be a real-valued function on M such that, VD e M,

fy= > [1/8) (12)

pER(D) Biep

Then,if Aec M, |A| =2nor |4l =2n+ land k < n,

> BB = ()5 13)

B= A \Byj=2k

We mention the following particular case of Theorem 2.1.

Corollary 2.1. Under the assumptions of Theorem 2.1, Vi, j, k, e L,
@ Lggaq0 < <q9p<qq> + {q:q:><9:9> + <@<qqx> (14
(1) 499> < <qX9:4> + <q{aeqy + {qe{d:90 (1%
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Remarks. (1) Relation (11) contains the Gaussian inequality for D =
1,4® which is thus a direct consequence of Lebowitz’ inequality since
fa X pa is by definition (g, t)-symmetric.

(2) When h; = hy, = 0, (14) is the special case of the Gaussian inequality
due to Lebowitz mentioned in the introduction. On the other hand, (15)
resembles but is not as strong as the GHS inequality*? for D = 1.

3. PROOF OF THE GAUSSIAN INEQUALITY
We start with the following result.

Proof of Lemma 2.1. Fix a term in the rhs of (12) with D = 4 and
call it 7. Let p, be the partition associated with 7. The partition p; is a
product of f(B,), where B; is a two-element set for all /, except possibly one,
and for this one, |B;] = I. The number of factors in 7 with |B| = 2 is
therefore n, since (4| = 2n or 2n + 1.

Let us compute how many times 7" will appear if we develop in all the
terms of (13) f(B) and f(B) according to (12). Now, T will appear as many
times as we can choose k elements in p; with |B;] = 2; that is, exactly ()
times. Indeed, choose B;, i = 1,..., k, B,€ p,, and let C = (¥, B,. Since
|Cl = 2k, C occurs in the lhs of (13) and for this C, the development of
P(C)P(C) gives T exactly once. Since the factor (}) is the same for all the terms,
the result follows.

Proof of Theorem 2.1. Since, by Definitions 2.1 and 2.2, {g,tz> <
{g{tsy = {q4){qs>, it is sufficient to prove

g < P(4), VdeM

We proceed by recurrence on |A|. Since the result is obvious for [4] = 1
and 2, we may assume it is true for all Be M with |B| < |4|. We distinguish
two cases, depending on whether |4] is even or odd.

(i) |4| = 2n + 1. By (3) and (4) we have
G = (% + )/ V2 (16)
f=(x, — y)IV2 (17)

So we can express ¢, in terms of x;, y;:

{gay = 2714172 z {Yexey < 2—1A”2( Z {yerlxey + x4 ) (18)

cs4a ZECEA
|C| even

The inequality comes from the negative correlations and the fact that, writing
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Y¢ in terms of ¢; and ¢;, (g, t)-symmetry implies that {y¢> = 01if |C| is odd
Now, for Ce M, |C| even, |C]| < |4]

(yoy = 271912 S (=)Btpgs)
EsC
Since {tzqz) =

0, we can drop the terms with |E| odd:

(pey < 271012 2 {)gey < 27192 % P(E)P(E)
|E|even

EsC
|E[ even

Here, we have used the recurrence hypothesis (|C| < |4]). Using Lemma 2.1
lcji2
2. P(EPE) =

ES

S5 rer® = 3 (1) o = 2y
|E| even FEA

Therefore

{ye» < P(C) (19)
Considering x¢, Ce M, |C| odd, |C| < |A4|, we have

(xey = 271902 3 Lqitry

IcC

= 2.2-cl2 Z {4ty by (g, t)-symmetry
|I| even

< 2-2-ien2 2 G

|I| even

< 2:2-1002 % PDP(T)

by recurrence
I<C

1| even

dej-1r2
= 2.2-IClz2

,Zo ((ICI . 1)/2)P(C)

by the negative
correlations

= 212p(C)
by Lemma 2.1.

(20)
Similarly for {x,> we get, since (|4| — 1)/2 =~n

() < 2-2-MAl(g,S 4 2.2-1412 i (Z)P(A)

K=1
= 2-n+l20g S 4 2-nrL2(n —_ 1)P(A)
Combining (18)—(21), we have
(gD €2 |AI/2[21/2 Z P(C)P(C) + 2-ntlizOn

lCl ove

@n

DP(4) + 27+ 2<qA>]
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Using again Lemma 2.1, we get
Etan <Etpay + - py < 2 by
(i) |4]| = 2n
@ =27 3 Grored + < + o)
#4084

<r12<mm@+mwum) 22)

IC] eve
> xeXyey =27 > D (=) KgstaXaitn (23)
S e o 128

(in this sum £ is the complement of E in C, and / is that of Iin C)
<r"2 > Lgextan<m

[C[ gvfnf ]ET mevercx
The last line comes from the fact that the terms in (23) with |E|, |E|, |1|, |7]
odd are all negative (due to the factor ( —~)'1) and that the sum over all the
terms with |E|, |E| odd and |7|, || even is exactly the opposite of the sum
over the terms with |E|, |E| even and |I|, |I| odd; so these two sums cancel
each other.
Now, by recurrence and Lemma 2.1, the last sum is bounded by

Z P(C)P(C) = (2" — 2)P(4)

We have also that
<m+mmzr(2@mmuﬁﬁ

Z#£CEA
|C] even

< 22772 - 2)P(4) + 24q4)]
Therefore,
(g € 27M(2" = 2)P(4) + 2-27M@2" — 2)P(4) + Kygol}
and

22n—2 — 1 n
W<A> P(A)+22n1 P(4)

i)
- 227,]_ P(A) .

Remarks. (1) Neglecting the terms with a minus sign (|E| odd) in the
proof may be making a rough estimate when there is a large external field.



296 J. Bricmont

However, this estimate cannot be improved for an arbitrary external field,
since these terms vanish with the external field.

(2) If we keep the neglected terms in the proof, we get, for example, for
the three-point function,

899> < <9499 + £97{qdx)
+ LgiXqq — 3(Kg<aty + {gp{ait> + {gu{qit;)

Since (g;t,.> < {q{qiy, this is still a weaker inequality than the GHS
inequality, except if D = 1, where it is the GHS inequality

Kaitey = {9{qu)).

(3) If, instead of considering (g, f)-symmetric measures, we let the field
be in the g direction (i.e., 4, = &;, h;, = 0), we can get analogous bounds,
for example,

(g4 < P(4) if |4} is odd
{gs + t < 2P(A4) if |A] is even

In fact, this can be seen from the proof, since putting the field in the ¢
direction amounts to interchanging the roles of (g;, ;) and (x;, ;).

(4) We see that the model (1) with D =1 and /; = 0 is also (x, y)-
symmetric. Therefore Theorem 2.1 applies, if the negative correlation holds,
not only to the spin variable g;, but also to the linear combinations x;, y;
[(3), (4)] of the duplicate variables:

Gy < D [T (24)

PER(A) Biep

Remark 3 deals also with this case if &; # 0.

4. DOMINATION BY THE TWO-POINT FUNCTION

The goal of this section is to show that if the external field is zero in the
model (1), one can bound the decay rate of all the truncated correlation
functions by that of the two-point function.

Definition 4.1. A measure on Q is totally symmetric if (i) VA, Be M,
{gatzy = 0 unless |4| and |B| are both even, and (ii) {g,> = {t> =
ey = Y-

In the model (1) this means that h; = 0 and D > 1. Our measure has
to satisfy one more inequality:

Definition 4.2. A measure on Q satisfies Ginibre’s inequality if, VA,
B, C, De M with |B|, |D| even and ¢; = +1,

{ga(gr + eitp)ge(gp + estp)) = {qa(qs + eitz)>{qc(qgp + eatp)> (25)
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This is an unusual formulation of Ginibre’s inequality,” and should
rather be considered as a consequence of Ginibre’s inequality.®+® This
inequality is known®®7 for the measure (1) with D =2, 3, 4, J, = 0,
h; = (4,,0,0,0), 4, = 0, and » given by (7) or (8) if D = 3, 4 or by any
measure satisfying (2) if D = 2.

Given a distance on L (usually L = Z') and A4, Be M, we denote by

d(A, B) = inf{dist(i,, i,)la e A, b € B}
A v B is the disjoint union of 4 and B. Note that ¢,95 = q4v5.

Theorem 4.1. If the measure p is (g, ¢)-symmetric and has negative
correlations, we have that, V4, Be M,

qugs) — <qay{gsy < 2-04HIEDZ S (xaxpy(yeypy  (26)

Cc 4, DSB
[C], | D] odd

Theorem 4.2. Assume that p is a totally symmetric measure on €
having negative correlations and satisfying Ginibre’s inequality. Assume also
that there exists a distance on L and a nonincreasing function f'on [0, oo such
that, Vi, je L,

(> < SUdist(i, /)

Then, for all 4, B, C, D € M there exist constants K, K’, K" depending only
on |A|, |B|, |C|, | D| such that

(D) {qatsqctp) < Kf*d(A v B,C Vv D)) @7
if | 4], |B|, |C|, | D] are odd;
(i1) {qatsqctny < Kf(d(4 v B,Cv D)) (28)

if |A] and |C| (resp. |B| and |D|) are odd and |B| and |D| (resp. |A4| and
|C]) are even; and

(1if) I<qatsqctn) — {qats){qctpy] < K'f¥d(4 v B,C v D)) (29)
if |4|, |B|, |C|, | D| are even.

Proof of Theorem 4.1. By the hypotheses

{qaqp) = {q>{qn> = qu){ts) = {qals)>
Therefore

q4qs> — {q.0{qz> < {q4(qs — 18))
= 21-d4l+1B)/2

{XEYeXBYDY
ce 4, B
{D}o

Rn
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We have only terms with | D| odd because of the minus sign in (gz — £z).
Then, by (g, t)-symmetry, the only nonvanishing terms are those with |C| odd.
The use of {xzycxpyoy € (xexp>{ycypy concludes the proof.

Proof of Theorem 4.2,
(i) By Theorem 2.1,

{qatsqctny < P(4 v C)P(BV D)

Since | 4| and |C| are odd, we have in each term of (10) applied to P(4 v C)
at least one factor {g;¢;> With ae A and be C. The same is true with
P(B v D). So there is, in each term of the rhs a product of two factors that
are bounded by f(d(4 v B, C v D)) since f is nonincreasing and d(i,, i,) >
d(A4,C) 2z d(A v B,Cv D). One can bound the other factors and the
number of terms by a constant K.

(ii) The proof is similar. In general in each term we have only one factor
bounded by f(d(4 v B, C v D)) since |4| and |C| (or | B| and | D|) are even.

(iii) We first use Ginibre’s inequality to reduce the problem to the
variables ¢;. Indeed, one can show,?2 using (25), that

[Kgatedctny — {qate){qcto| < {Gudsqcdp) — {94q8)<{9cqdpy  (30)

We use Theorem 4.1 and the fact that p is totally symmetric to bound the
rhs of (30) by

21 ~(lAl+{BI +|C| +1DD/2 Z <qEQF><qEqF>

Since |4 v B| and |C v D| are even, |E| and |F| are odd. Application of
Theorem 2.1 and the same method as in the proof of (i) concludes the
proof.

To conclude this paper, we discuss some applications based on the
previous theorems and on results obtained elsewhere.1-15:16.20.2)

Corollary 4.1. Let L = 72, with the usual distance, and consider the
model given by (1), (7) with h; = 0, J;; > 0, translation invariant and such
that J;; = 0 if d(i, j) # 1. Then, Ve > 0, 3B, such that V8 > B,, the con-
clusions of Theorem 4.2 hold for the translation-invariant equilibrium state
of this model with the following function f: f(x) = x~ 1 —9/228,

Proof. The form of fis taken from Ref. 16, where the estimate is made
on the two-point function with periodic boundary conditions. Since it was
shown in Ref. 1 that this model has a unique invariant equilibrium state, the
corollary follows from Theorem 4.2. |}

One can use Theorem 4.2 to derive differentiability properties of the
free energy and of the correlation functions with respect to . In particular,
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if the two-point function is exponentially decreasing with dist(7, j), uniformly
in some f-interval, the correlation functions and the free energy are C® in
8 in the interior of this interval.

The following result is an application to quantum field theory. For the
terminology we refer to Ref. 21.

Consider a field theory constructed (in two or three dimensions) with
the interaction A($12 + $52)? + o($,2 + ¢,2) using (half-) Dirichlet or (half-)
periodic boundary conditions. Let Q be the physical vacuum, H the re-
normalized Hamiltonian, and 57 the renormalized Hilbert space. Denote by
H, the subspace of # generated by

HH b1 (F)2( /)| f:, f; are test functions
j=ri= and / and » are even

and denote by 4, the subspace of # generated by

H H 1(F)ba(F)IDf:, f; are test functions
j=ti= and / and » are odd

Corollary 4.2, With the preceding definitions:
(i) The vacuum is nondegenerate if and only if

lim (4:(0)1()> = 0

(i1) The spectrum of H lies outside 10, m[ if and only if, Ye > 0,
limexp[(m — )]y <{$:(0)d:()> = 0

(iii) If the spectrum of H lies outside ]0, m[, then the spectrum of H
restricted to the subspace £, @ 4 lies outside [0, 2m|.

Proof. Given Theorem 4.2, the corollary follows from general argu-
ments. Points (i) and (ii) extend results of Simon -2V for one-component
field theories and point (iii) extends a result of Spencer ?® and Feldman.® [}

Apart from these corollaries, there exist other applications of the
preceding theorems. We mention three of them:

1. The “mass gap” m in Corollary 4.2 is nondecreasing with o. This is
because the two-point function is nonincreasing with o, by Ginibre’s in-
equality.

2. Ellis and Newman® have shown that, when D = 1, the sign of
Lebowitz’ inequality is reversed in some models of the type (1) with certain
single-spin measures ;. As a consequence of our method of proof, the sign
of the Gaussian inequality (11) is also reversed for these measures, at least
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in zero external field. These “‘reversed” inequalities also hold for two-
component models (Newman, private communication).

3. If D=1, h; =0, and the negative correlations (i.e., Lebowitz’
inequality) hold, Theorem 4.1 also gives, using (24), the domination by the
two-point function and the absence of even bound states of energy less than
2m. 1822 Indeed, {x;x,> = 2" Y% qq,>.
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